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ON THE HARDY INEQUALITY ON L*0)(R") SPACES
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Abstract

The Hardy type inequality
f(=)

[

< O (=) fllng
p()
is proved for the spaces LP()(R™) with variable exponent p(-) in the case
p(-) € VMOY°el(R") 1 < p_ < p, < n/a, and is constant outside some
ball.
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1. Introduction

Let p(-) : R® — [1,400) be a measurable function. Denote by LP()(R™)
the space of functions f such that for some A > 0,

| 15@/Ards < oo
Rn

with the norm
1/l = in {)\ >0 / 1 (2) /AP d < 1} |
Rn

The Lebesgue spaces LP()(R"™) with variable exponent and the corre-
sponding variable Sobolev spaces W#?() are of interest for their applications
to modelling problems in physics, and to the study of variational integrals
and partial differential equations.
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The Hardy-Littlewood maximal operator M is defined on the space of
locally integrable functions on R"™ by

Mf@)zmmkal;ﬂﬂwt

where the supremum is taken over all cubes @) containing = (|Q| denotes the
Lebesgue measure of the set Q).

Let B(R™) be the class of all exponents p(:), 1 < p_ < py < oo (p_ =
essinfye pnp(z), py = esssup,cpnp(2)) for which the Hardy-Littlewood max-
imal operator M is bounded on LP()(R™).

By P(R™) we denote the set of exponents p(:), 1 < p_ < py < o0
satisfying the conditions

|mw—p@nsiga§ja?|w—ms1ﬂ, (1)
|mm—p@ns5g§ﬁayrm>uL (2)

Let 1
vmmza%qévmmm (3)

where fp is an integral average of the function f on Q. We denote by
VMO8 l(R™) the set of all function f for which v(f,r) = o(1/|log(r)|),
r— 0.

By P(R™) we denote the set of exponents p(-) € VMOYIgl(R7) 1 <
p— < py < oo witch are constants outside some ball. Note that there exist
noncontinuous exponents belonging to P(R") (sce [8]).

Diening [4] proved that if p(-) satisfies the condition (1) and if p(-)
is a constant outside some compact set, then p(-) € B(R"™). Cruz-Uribe,
Fiorenza and Neugebauer [2] and Nekvinda [17] proved that if p(-) € P(R"™)
then p(-) € B(R™). On the other hand, they are not necessary for p(-) €
B(R™). In [14], Lerner established that there exist discontinuous functions
p(-) € B(R"™). Diening [3] showed that p(-) € B(R") if and only if the
averaging operator Tg : f +— > neg f@X¢ is uniformly bounded on rt) (R")
with respect to all families Q of disjoint cubes. In [11], Kopaliani provides
a characterization of B(R™) in terms of the Muckenhoupt-type condition
Ap(y under some restriction on the behavior of p(:) at infinity. Then this
was used in [8] in order to give a new sufficient condition for p(-) € B(R") in
terms of mean oscillation of p(-). Indeed, if p(-) € P(R"), then p(-) € B(R").

By the symbol B(R") we denote the family of p(-) € B(R") such that
ap(-) € B(R™) for all & > 1/p_. Lerner in [13] constructed an example
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showing that p(-) € B(R") does not imply p(-) € B(R"). Obviously, p(-) €
P(R") implies that p(-), p'(-) € B(R"), where p/(-) is the conjugate exponent
of p(*) (1/p(¥)) +1/p'(t) =1, t € R™). Observing that

& (&) = vgldz ~ g [ [ /() =/ dady
<o g f o) - <y>\dwdy~@1l£\p<m>—m\dx,

we obtain p(-), p/(-) € B(R™) if p(-) € P(R").
Define the Riesz potential Z¢f by

(@) = 5 [ o= ),

where v, (a) = QO‘W"/Z% and 0 < a <n.
The hypersingular integral operator of order a, @ > 0 known also as

the Riesz derivative, is defined by
1 Al ) (x
D" ) = [ D, i, (@)
ly|>e

5_’0 dnl( ) ’y‘n—HX

where (Aéf)(:z:) = b _o(—)*CF f(x — ky) is finite difference and d, () is
some normalizing constant (see details in [21]).

It is well known that the inverse operator (—/\)*/2 to the Riesz potential
operator Z% on "nice” functions has the form (—A)*/2f(z) = F~1¢|*Ff,
where F is the Fourier transform. In case when p(-) € B(R"),0 < a <
n, p+ < 7 the fractional power of the minus Laplace operator may be
treated as the hypersingular integral (4), where the limit above is taken
in the sense of convergence in the LP() norm. In fact, the domain of the
definition of (—A)®/? is the set Z*(LP()(R")) and we have (—A)*/2Zf =
DT> f = f (see [1]).

Let p(-) € B(R™) and 0 < a < n. The Bessel potential space with
variable exponent L*P)(R™) (see [1]) is defined by norm

1F ooy = 1 llpey + 1(=2)72 Fllpc)-
We prove the following theorem.

THEOREM 1.1. Suppose p(-) € B(R") such that p/(-) € B(R") and
0 < < g% Then there exists a constant C' such that for f € LoPC)(R™)

‘ f(x)

kg

< CI(=L)" Flpge)- (5)
()
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In the case p(-) = const, (5) is the classical Hardy inequality. There is a
rich literature concerning the Hardy inequality. We refer to books by Opic
and Kufner [18], Maz’ya [15] and references therein. Hardy inequalities have
been studied in the variable exponent setting in case p(-) € P(R") in [7],
[10], [19], [20]. T p() € P(R") (or p(:) € P(R™), then p(-), p/() € B(R").
Note also that P(R")\P(R") #  and P(R")\P(R") # 0 (see 8]).

2. Proof of Theorem 1.1

Below for simplicity, by C' there will be denoted positive constants which
depend only on the dimension and the exponent p(-), but whose value may
change at each appearance. The proof of Theorem 1.1 follows the main
steps in the proof of a similar theorem in [19] (the case of bounded domain
2 and of exponent p(-) with property (1)).

Note that if f € L%P()(R™), then there exists ¢ € LP()(R™) such that
f=T% (see [1]).

We have

|x|a /\ﬂf—y” alfvla
[ [,

|z —y[rez]® | —y[rez]®
o=yl <4l [e—y[>4[al

= Ap(x) + Bo().
The operator Ap(x) admits the pointwise estimate
[Ap(z)] < CM ().

This estimate is contained in [19]. We briefly outline the proof in different

way:
lp(y)]
Al = 2 FEE
I519i|g|<|z—y| <25+ a]

> / o) dy

= 2](nfo¢)|x|nfa|z’a

2 |z|<|o—y|<27H x|

B @) 5aj
=X

I519i|g| <oy <27+ 1a]

<C 5 " / lp(y)| < C Y 2*My(z) < C Myp().
Jj<1 2 ‘:C j<1

lz—y|<27+! 2|
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Since p(-) € B(R") we have

[A¢llpe) < ClIMellpey < Cliellpe)- (6)
It remains to prove the boundedness of the operator B. Obviously,
|x —y| > 4|z| implies that |y| > |z —y| — |z| > 4|z| — || = 3|z| and we have

lyl 2yl
>yl = x| > |y = 2 = 2
|z —y| > [yl = |=| > |y| 3 3

The operator By(x) admits the pointwise estimate
Be@)| < [ ofipedy<C [ f¥isdy =0 Bip(a).

|z —y[>4z| el ly|>|32| il
For any g € LP()(R") we have

<Bip,g>= [ [ %d?/ -g(z)dx
R™ |y|>3|z|

= [ g [ e Je(y)ldy =< Tg(y), le(y)] >,
r o<1
where the operator T'g has the form
1
Ty(y) = — / g(mo? dx.
[yl ||
|| <

Fix [ such that p; < and ol < n. Using Holder inequality we obtain

1/
SC’yl’}—a( J g(y)ll'dx) ‘y|(n—al)/l
||

1/U
= ( ! m(y”"dx) < O(M (gl )" (@)).
||

Note that p/(t) > p’_ > I’. On the other hand p/(-) € B(R") and we have

/ ’ / 4
Tl < CUM DY ey = CIOLl DI

11/
< Clllgl" /¢y = Clllgllrcoy-
Therefore,
I1Brellpy = supyg) <1 | < Big, g > | =supyg, <1 | <Tg(y), le(y)] > |
<2 Tglly ) lellpey < Cligllpollellpey < Cllellpe-

Using last estimate and (6) we obtain desired result. ]
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3. Some further results

Let Q is an open set in R". Given 0 < a < n, define the fractional

integral operator Z! by
T () — / f(x)
ch(x) Q’.’I‘—y’n_a

For a bounded domain Q we define VMOYI°81(Q) as in case R" taking
f ENLl(Q) and replacing in (3) the cube @ by the intersection Q N Q.
By P(Q) we denote the set of exponents p(-) € VMOY°el(Q) such that
1 <p- <py < oo (p- = essinfeop(r), py = esssup,eop(e)).

THEOREM 3.1. Let ) be an open bounded set with Lipschitz boundary
and p(-) € P(Q) and py < n/a, 0 < a < n. Then there exists a constant C
such that for f € LPU)(Q):

73 f

Ed

< C[Ifllp(y- (7)
p(")

P r o o f. Note that if p(-) € VMOYI"*l(Q), 1 < p_ < py < oo,
then there exists p(-) € VMOY!eel(R") with property 1 < p_ < py <
o0, p(x) = p(z) for z € Q, and p(-) is constant outside some ball (see [8]).

Let f be the zero extension of a function f defined on . By Theorem 1.1
we have

731

||

Taf

]

xa| < CliFly = 1l

p(+)

p() |
[
Note that (7) type inequality has been studied by Samko in [19] under
condition (1). Recently Rafeiro and Samko proved that when p(-) satisfies
condition (1) and € is a bounded domain with property R™\Q has the cone
property, then the validity of the Hardy type (7) inequality is equivalent to
certain property of the domain 2 expressed in terms of a and xq (see [23]).
Let f be a function on some open set §2 such that its distributional
derivatives of order m are locally summable. Under V" f we mean the
gradient of f of order m, i.e.

Vi ={0g - 05, art -+ an =m},

where d,; is partial derivative. The Euclidian length of V™ f will be denoted
by [V™ f].
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The multidimensional Hardy inequality of the form

| r@pa@ e <o [ 19f@pde)?de ®
Q Q

where d(z) = dis(x, Q) and f € C§°(Q2) appeared in [16] for bounded domain
Q) C R"™ with Lipschitz boundary and 1 < p < co and a < p — 1.

Lewis [12] and Wannebo [24] gave independent proofs that the Hardy
inequality (8) holds in a proper open subset 2 of R™ provided its complement
is fat enough with respect to certain capacity. Hajlasz [6] and Kinnunen and
Martio [9] obtained the pointwise inequality

[f(@)| < d(z)M|V f|(), (9)
where M is kind of maximal function depending on the distance of x to
the boundary. This pointwise inequality combined with the boundedness of
Hardy-Littlewood maximal operator implies Hardy’s inequality.

Harjulehto, Hast6 and Koskenoja in [7] obtained the estimate

55| < cims@iwiy. e e
p()

making use of the approach of [6], under the assumption that a is sufficiently

small 0 < a < ag and € is an open bounded subset of R"™ such that for some

constant b > 0

|B(z,7) N Q°| > b|B(z,7)|

for every z € 02 and r > 0.

Edmunds and Rékosnik in [5] extended (9) for gradients of higher order.
Indeed, if  is an open bounded set that R™\(Q is uniformly p-fat for some
p, 1 < p < oo, then there exists a constant ¢ > 0 such that every function
f € C§°(Q) satisfies the inequality

|f(@)] < ed(x) [M(IVFfIP(2))]V7, @ € Q. (10)

(In the context of maximal operators we extend the function on which the
maximal operator is acting by 0 outside its original domain of definition.)

The requirement on §2 is not very restrictive, since all Lipschitz domains
or domains satisfying the exterior cone condition are uniformly p-fat for
every p, 1 < p < oo.

THEOREM 3.2. Let the exponent p(-) € P(S2), where Q be a bounded
domain with Lipschitz boundary. Then there exists a constant C' such that

for f € C§°(9)
I

d(z)

< CIIVF£llp- (11)
p(-)
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P r oo f. Fix pg with property 1 < pp < p—. Using (10), we obtain

f(x) k 1
< O||[M(|VE fIPo) /poy|
‘ﬂ@km> NV Py o0
= CM(H )5 < CUITH A, = 19 Fll.

COROLLARY 3.1. Let the exponent p(-) € P(Q), where Q be a bounded
domain with Lipschitz boundary. Then there exists a constant C' and ag
such that the inequality

@) a
‘d(w)’” p() < ClIVESId(@) o (12)

holds for all f € C§°(Q2) and all 0 < a < ag.

P roof Assume that 0 < a < 1 and £k = 1. We use the standard
bootstrapping procedure (see [5]) to deal with this case. We set g(z) =
|f(x)|d(z)®. Since the Lipschits constant of d(x) equals 1, we obtain

Vg(x)| <|Vf(z)|dx)® 4 alf(z)|d(z)*! for a.e.x € Q.
Applying inequality (11) to g we obtain
it < CUNTE I + alr@ater o)
(-
Whenever Ca < 1 this yields (12) for k£ = 1.

Let k& > 1 and suppose that the inequality (12) holds for j = 1,2, ..., k—1
and 0 < a < ag. Let o be the regularized distance equivalent to d and
satisfying the estimate

|Vo(z)| < cjd(x)' ™, 2€Q,5=1,2,..,
(see [22]). Set g(z) = f(x)o(z)®. Then

VFg(a)] < [V*f(2) +aZQ; (@)| V¥ f(@)|o(2)*
where (); are polynomials of degree j. Thus, we have
f(z) ‘ 9(x)
dz)t=ellyy ~ 7 le(@)* My,
k

< CIIVFf(@)le(@)llpe) +aC Y 1Q5(a)l - 1V f(a)o(x) ™ lp,

=1
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flx " k-l iy i
< o0 | LEL] Cliv @)oo +a0 T 1194 @)ooy
o(z) p(*) j=1
f($) k a
<
<aC| iital eIV @Iea o
and the inequality (12) holds. [

Acknowledgements. The author expresses his thanks to the referees
for carefully checking the manuscript, and for their valuable comments and
suggestions.

This paper was supported by Grant GNSF /ST 08/3-385.

References

[1] A. Almeida and S. Samko, Characterization of Riesz and Bessel poten-
tials on variable Lebesgue spaces. J. Funct. Spaces Appl. 4, No 2
(2006), 113-144.

[2] D. Cruz-Uribe, A. Fiorenza and C. Neugebauer, The maximal function
on variable LP spaces. Ann. Acad. Sci. Fenn. Math. 28 (2003),
923-238, and 29 (2004),247-249.

[3] L. Diening, Maximal function on Musielak-Orlicz spaces and generalized
Lebesgue spaces. Bull. Sci. Math. 129, No 8 (2005), 657-700.

[4] L. Diening, Maximal function on generalized Lebesgue spaces. Math.
Inequal. Appl. 7, No 2 (2004), 245-253.

[5] D. E. Edmunds and J. Rékosnik, On a higher order Hardy inequality.
Math. Bohem. 124, No 2-3 (1999), 113-121.

[6] P. Hajlasz, Pointwise Hardy inequalities. Proc. Amer. Math. Soc. 127,
No 2 (1999), 417-423.

[7] P. Harjulehto, P. Hasté and M. Koskenoja, Hardy’s inequality in a vari-
able exponent Sobolev space. Georgian Math. J. 12, No 3 (2005),
431-442.

8] E. Kapanadze and T. Kopaliani, A note on maximal operator on LP()(€)
spaces. Georgian Math. J. 16, No 2 (2008), 307-316.

[9] J. Kinnunen and O. Martio, Hardy’s inequalities for Sobolev functions.
Math. Res. Lett. 4 No 4 (1997), 489-500.

[10] V. Kokilashvili and S. Samko, Maximal and fractional operators in
weight LP() spaces. Rev. Mat. Iberoamericana 20, No 2 (2004), 493-
515.



432 T. Kopaliani

[11] T.S. Kopaliani, Infimal convolution and Muckenhoupt A, condition
in variable LP spaces. Arch. Math. (Basel) 89, No 2 (2007), 185-192.

[12] J.L. Levis, Uniformly fat sets. Trans. Amer. Math. Soc. 308 (1988),
177-196.

[13] A.K. Lerner, On some questions related to the maximal operator on
variable LP spaces. Trans. Amer. Math. Soc. To appear.

[14] A.K. Lerner, Some remarks on the Hardy-Littlewood maximal function
on variable LP spaces. Math. Z. 251, No 3 (2005), 509-521.

[15] V.G. Maz’ya, Sobolev Spaces. Springer-Verlang, 1985.

[16] J. Necas, Sur une méthode pour résourde les équations aux dérivées
partielle du type elliptique, voisine de la variationelle. Ann. Scuola
Norm. Sup. Pisa 16 (1962), 305-326.

[17] A. Nekvinda, Hardy-Littlewod maximal operator on LP®)(R"™). Math.
Inequal. Appl. 7, No 2 (2004), 255-266.

[18] B. Opic and A. Kufner, Hardy-Type Inequalities. Research Notes in
Mathematics 219, Pitman, 1990.

[19] S. Samko, Hardy inequality in the generalized Lebesgue spaces. Fract.
Calc. Appl. Anal. 6, No 4 (2003), 355-362.

[20] S. Samko, Hardy-Littlewood-Stein-Weiss inequality in the Lebesgue
spaces with variable exponenent. Fract. Calc. Appl. Anal. 6, No
4 (2003), 421-440.

[21] S.G. Samko, Hypersingular Integrals and Their Applications. Taylor
and Francis, London, 2002.

[22] E.M. Stein, Singular integrals and Differentiability propertties of func-
tions. Princeton University Press, Princeton, 1970.

[23] H. Rafeiro and S. Samko, Hardy type inequality in variable Lebesgue
space. Ann. Acad. Sci. Fenn. 34 (2009), 279-269.

[24] A. Wannebo, Hardy inequalities. Proc. Amer. Math. Soc. 109 No 1
(1990), 85-95.

Department of Mathematics, Tbilisi State University
Chavchavadze Av. 1
0128 — Tbilisi, GEORGIA

e-mail: t.kopaliani@math.sci.tsu.ge Received: July 8, 2009



